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Toy cosmological models based on non-minimal coupling between gravity and scalar
dilaton-like field are presented in the framework of Palatini formalism. They have the fol-
lowing property: preceding to a given cosmological epoch is a dark energy epoch with an
accelerated expansion. The next (future) epoch becomes dominated by some kind of dark
matter.
A. Preliminaries and notation
Modification of Eintein’s General Relativity becomes viable candidate to address accelerated
expansion, dark matter and dark energy problems in modern cosmology (see e.g. [1, 2] and refer-
ences therein). This includes modified theories with non-trivial gravitational coupling [3, 4, 5, 6, 7].
Particularly, viable non-minimal models unifying early-time inflation with late-time acceleration
have been discussed in [5].
Main object of our considerations in this note is cosmological applications of some non-minimally
coupled scalar–tensor Lagrangians of the type
L =
√
g (f(R) + F (R)Ld) + Lmat (1)
treated within Palatini approach as in [4]. Hereafter we set Ld = −12gµν∂µφ∂νφ the Lagrangian
for a scalar (massless) dilaton-like field φ and Lmat represents any matter Lagrangian. Because of
Palatini formalism R is a scalar R = R(g,Γ) = gµνRµν(Γ) composed of the metric g and the Ricci
tensor Rµν(Γ) of the symmetric (≡ torsionless) connection Γ ( for more details concerning Palatini
formalism see e.g. [8, 9, 10]). Therefore (g,Γ) are dynamical variables. Particularly, the metric g
will be used for raising and lowering indices.
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2We began with recalling some general formulae already developed in [4]: both f(R) and F (R)
are assumed to be analytical functions of R. Dynamics of the system (1) is controlled by the
so-called master equation
2f (R)− f ′ (R)R+ τ = (F ′ (R)R− F (R))Ld (2)
where prime denotes derivative with respect to R. We set Tmat = gµνTmatµν and T
d = gµνT dµν = Ld
for traces of the stress-energy tensors: matter Tmatµν =
δLmat
δgµν
and dilaton T dµν = −12∂µφ ∂νφ.
Equations of motion for gravitational fields (Γ, g) can be recast [4] into the form of generalized
Einstein equations
Rµν (h) ≡ Rµν (bg) = gµαPαν (3)
(see also [9, 10]), where Rµν(Γ) is now the Ricci tensor of the new conformally related metric
h = bg. The conformal factor b is specified below and a (1, 1) tensor Pµν is defined by:
Pµν =
c
b
δµν −
F (R)
b
T d µν +
1
b
Tmat µν
Here one respectively has:

c = 12 (f (R) + F (R)Ld) = (L− Lmat)/2
√
g
b = f ′ (R) + F ′ (R)Ld
(4)
Field equations for the scalar (dilaton-like) field φ is
∂ν (
√
gF (R)gµν∂µφ) = 0 (5)
which reproduces the same field equations as treated in [4].
B. Cosmology from the generalized Einstein equations
We assume the physical metric g to be a standard Friedmann-Robertson-Walker (FRW) metric
g:
g = −dt2 + a2(t) (dx2 + dy2 + dz2) (6)
where a(t) is a scale factor. We also suppose the Cosmological Principle to hold. The matter
content Tmatµν of the universe is described by a non-interacting mixture of perfect fluids. We
denote by wi the barotropic coefficients. Each species is represented by the stress-energy tensor
3T
(i)
µν = (ρi+ pi)uµuν + pigµν satisfying a metric (with the Christoffel connection of g) conservation
equation ∇(g)µT (i)µν = 0 (see [11]). This gives rise to the standard relations between pressure and
density (equation of state) pi = wiρi and ρi = ηia
−3(1+wi).
It follows thence that the generalized Einstein equations lead to the generalized Friedmann
equation under the form:
(
.
a
a
+
.
b
2b
)2
=
F (R)Ld
6b
+
c
3b
+
∑
i
(1 + 3wi)ηi
6b
a−3(1+wi) (7)
where (1 + 3wi)ηia
−3(1+wi) represents a perfect fluid component with an equation of state (EoS)
parameter wi.
Let us observe that for standard cosmological model based on the standard Einstein-Hilbert
variational principle
LEH =
√
gR+ Lmat (8)
(considered both in purely metric as well as in Palatini formalism) the corresponding Friedmann
equation takes the form
H2 ≡
.
a
a
=
1
3
∑
i
ηi a
−3(1+wi) (9)
when coupled to (non-interacting) multi-component perfect fluid. This is due to the fact that
geometry contributes to the r.h.s. of the Friedmann equation through
R = −Tmat =
∑
i
(1− 3wi)ηi
6b
a−3(1+wi)
For example, the preferred ΛCDM model requires three fluid components: cosmological constant
wΛ = −1, dust wdust = 0 and radiation wrad = 13 and can be obtained from (7) provided α = β =
γ = 0.
On the other hand we have that the field equation for the scalar field φ ≡ φ(t) is d
dt
(
√
gF (R)
.
φ) =
0, so that
√
gF (R)
.
φ = const and consequently gF (R)2Ld = A
2 = const. This simply implies
that:
F (R)2Ld = A
2a−6 (10)
with an arbitrary positive integration constant A2 (see (5)).
4C. Toy cosmological models
Our objective here is to investigate a possible cosmological applications of the following subclass
of gravitational Lagrangians (1)
L =
√
g
(
R+ αR2 + βR1+δ + γR1+2δLd
)
+ Lmat (11)
where α, β, γ, δ, are free parameters of the theory. It should to be observed that the gravitational
part f(R) contains Starobinsky term [12] with some R1+δ contribution. In the limit α , β , γ → 0
our Lagrangians reproduce General Relativity. The numerical value for the constant γ (when
6= 0) is unessential since it can be always incorporated (by re-scaling) into the field φ. As matter
contribution we assume two non-interacting most natural components: pressureless dust (wdust =
0) and radiation wrad =
1
3 .
Following common strategy particularly applicable within Palatini formalism (see [8, 9, 10]) one
firstly finds out an exact solution of the master equation (2). In the case under consideration it
can be chosen as
R =
[
η
(1− δ) β
] 1
1+δ
a−
3
1+δ ≡ ξa− 31+δ (12)
where ξ ≡
[
η
(1−δ)β
] 1
1+δ
provided the the integration constant A (see 10) takes the value
A2 =
γ
2δ
[
η
(1− δ) β
]2
(13)
which can vanish only in the case γ = 0 (no dilaton) and/or η = 0 (no matter).
Then the conformal factor b reads:
b =
1 + 4δ
2δ
+ 2αξa−
3
1+δ + β(1 + δ)ξδa−
3δ
1+δ (14)
As a consequence, we have obtained the generalized Friedmann equations under the form:
(
.
a
a
+
.
b
2b
)2
= (6b)−1
[1 + δ
δ
ξa−
3
1+δ + αξ2a−
6
1+δ +
+
δ
1− δ ηa
−3 + 2ηrada
−4
]
(15)
We are now in position to calculate the generalized Hubble factor as
.
a
a
+
.
b
2b
≡
.
a
a
B ≡ H B (16)
5where H denotes ordinary Hubble ”constant” and
B =
1+4δ
δ
− 21−2δ1+δ αξa−
3
1+δ + (2− δ)βξδa− 3δ1+δ
1+4δ
δ
+ 4αξa−
3
1+δ + 2β(1 + δ)ξδa−
3δ
1+δ
(17)
Before proceeding further let us observe that scaling properties of (7)
H2B2 = (6b)−1
[1 + δ
δ
ξa−
3
1+δ + αξ2a−
6
1+δ +
δ
1− δηa
−3+
+2ηrada
−4
]
(18)
are analogical to that in standard cosmology (9). More exactly, choosing some reference epoch
ae ≡ a(te), e.g. the current cosmological epoch, one can rewrite the generalized Friedmann equation
(18) as
H2B2 = (6b)−1
[1 + δ
δ
ξe
[
a
ae
]
−
3
1+δ
+ αξ2e
[
a
ae
]
−
6
1+δ
+
δ
1− δηe
[
a
ae
]
−3
+
+2ηrad,e
[
a
ae
]
−4 ]
(19)
where one has ηe = ηa
3
e, ηrad,e = ηrada
4
e, ξe =
[
ηe
(1−δ)β
] 1
1+δ
,
b =
1 + 4δ
2δ
+ 2αξe
[
a
ae
]
−
3
1+δ
+ β(1 + δ)ξδe
[
a
ae
]
−
3δ
1+δ
etc..
Assume now that 0 < δ < 1.
Thus for a
ae
≫ 1, one can approximate (19) by the following Hubble law
H2 ≈ 1
3
[ 1 + δ
1 + 4δ
ξe
[
a
ae
]
−
3
1+δ
+
δα
1 + 4δ
ξ2e
[
a
ae
]
−
6
1+δ
+
+
δ2
(1 + 4δ)(1 − δ)ηe
[
a
ae
]
−3
+
2δ
1 + 4δ
ηrad,e
[
a
ae
]
−4 ]
(20)
Due to the factor δ the ”true matter” and radiation decay as δ 7→ 0. From the other hand the
first term on the r.h.s of (20) plays a role of matter: it can be considered as ”dark matter” which
amount is controlled by the factor ξe. In the regime δ 7→ 1 the first term gives a bit of acceleration
expansion while the second mimics matter (dark matter).
For a
ae
≪ 1 (preceding epoch), Friedmann type approximation reads instead
H2 ≈ 1
3
[ (1 + δ)3
δ(1 − 2δ)2α +
(1 + δ)2
(1− 2δ)2 ξe
[
a
ae
]
−
3
1+δ
+
+
δ(1 + δ)2
((1− 2δ)2(1− δ)
ηe
αξe
[
a
ae
]
−
3δ
1+δ
+
2(1 + δ)2
(1− 2δ)2
ηrad,e
αξe
[
a
ae
]
−
1+4δ
1+δ ]
(21)
6This epoch is dominated by dark energy in the form of cosmological constant which produces
Starobinsky inflation. The universe described by Freedmann equation (21) undergoes two addi-
tional phases of accelerated expansion (power–law inflation) followed by the matter dominated era
when δ 7→ 0. Similarly, when δ 7→ 1. In this scenario the evolution goes from dark energy to dark
matter dominated eras. More detailed study of such models will be given elsewhere.
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